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Abstract 

We show that the two-component Hunter-Saxton system with negative coupling constant de- 
scribes the geodesic flow on an infinite-dimensional pseudosphere. This approach yields explicit 
solution formulae for the Hunter-Saxton system. Using this geometric intuition, we conclude by 
constructing global weak solutions. The main novelty compared with similar previous studies is 
that the metric is indefinite. 
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1 Introduction 

In this paper, we are concerned with the following two-component Hunter-Saxton system subject to 
periodic boundary conditions: 

m t + um x + 2u x m + npp x = 0, 

Pt + (up) x = 0, t>0, xeS 1 -R/Z, (1.1) 

u(0,x) = u {x), p(0,x) = pa(x), 

where m = -d 2 x u and k = ±1 is a parameter, see E31 [23 E01 EH SOI SH SH H3J- The system 



(1.1) generalizes the well-known Hunter-Saxton equation, u txx + uu xxx + 2u x u xx = 0, modeling the 



propagation of nonlinear orientation waves in a massive nematic liquid crystal (cf. (3j SJ (2TI [22] EH 



I3HJH1])) to which (1.1) reduces if p Q is chosen to vanish identically. 

In mathematical physics, the Hunter-Saxton system is a special instance of the Gurevich- 

Zybin model describing the nonlinear dynamics of non-dissipative dark matter in one space dimension, 
as well as a model for nonlinear ion-acoustic waves (see |351 136| and the references therein) . Addi- 
tionally, it is the short wave (or high-frequency) limit of the two-component Camassa-Holm system 
originating in the Green-Naghdi equations which approximate the governing equations for water waves 
[5J HH US] • The Camassa-Holm system is obtained by setting m = (1 — d x )u and k = 1 in (1.1); 



the case k = — 1 corresponds to the situation in which the gravity acceleration points upwards [5]. Let 
us also mention that the Hunter-Saxton system is embedded in a wider class of coupled third-order 
systems encompassing the axisymmetric Euler flow with swirl |20_ and a vorticity model equation 
[51 [33] among others (cf. [13] and the references therein) . 

Geometric aspects of ( |1.1| have recently been highlighted in [11 : If k = 1, the Hunter-Saxton 
system can be realized as a geodesic equation of a Riemannian connection on the semi-direct product 
of a subgroup of the group of orientation-preserving circle diffeomorphisms with the space of smooth 
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functions on the circle. The arguably most prominent geodesic equations are the Euler equations of 
hydrodynamics [TJ [TU], [2] governing the geodesic flow on the Lie group of volume-preserving diffeo- 
morphisms; others include the Camassa-Holm equation [321 |2"41 [71 15]. the Degasperis-Procesi equation 
[5] US], their two-component generalizations [12 , and the CLM vorticity model equation [T4l I16j . 

In [43] , the second author constructed global weak solutions to the periodic two-component Hunter- 
Saxton system ( |1.1[ ) in the case k = 1. These both spatially and temporally periodic solutions are 
conservative in the sense that the energy ||u x (i, ■)lli 2 (s 1 ) + Oil i 2 (S 1 ) ^ s cons t an t f° r almost all 
times. This construction was given a geometric rationale in [26 , where it was explained that the 
possibility of extending geodesies beyond their breaking points is due to an isometry between the 
underlying space and (a subset of) a unit sphere. Using completely different methods, the authors of 
|31j proved that there are dissipative solutions to the more general ^-Hunter-Saxton system on the 
real line (fj, here denotes the mean value of the first component u), while it was shown in |17| that 
there are weak solutions of the Huntcr-Saxton system on R when k = — 1. 



Outline of the paper 



In this paper, we analyze the system (1.1 1 with n = —1 in the periodic setting. 

In Section [2] we present explicit solution formulae for with k = — 1 using the method of 

characteristics. It turns out that some solutions exist globally, whereas others develop singularities in 
finite time. 

In Section [3j we inquire into the geometry of the Hunter-Saxton system. We show that ( |1.1| 
with k = — 1 is the geodesic equation on an infinite-dimensional Lie group G s equipped with a right- 
invariant pseiido-Riemannian metric (i.e. a metric which is nondegenerate, but not positive definite). 
In fact, we show that G s is isometric to a subset of an infinite-dimensional pseudosphere. This is the 
first example known to the authors where a PDE of this type arises as the geodesic equation on a 
manifold with an indefinite metric. Since the geodesies on a pseudosphere can easily be written down 
explicitly, this yields an alternative derivation of the explicit solution formulae of Section [2] We also 
consider the restriction of (1.1 1 to solutions (u,p), where p has zero mean. Geometrically, this gives 
rise to the study of a quotient manifold K s = G s /R that admits a natural symplectic structure. The 



geometric properties of (1.1 1 can be summarized as follows: 





Type of metric 


Curvature 


Underlying geometry 


K = 1 


Riemannian 


constant and positive 


spherical 


K= -1 


pseudo-Riemannian 


constant and positive 


pseudospherical 



In Section jij we describe how global weak solutions can be constructed if ||po|li 2 (gi) > ll M Cte|li 2 (si) 



Notation 

The Hilbert space of functions / : S 1 — > R which, together with their derivatives of order s > 0, are 
square-integrable, will be denoted by H S (S 1 ). If s = 0, we use the notation L 2 (S 1 ) instead of 7f°(S' 1 ). 
The subspace of functions u £ H S (S 1 ) such that it(0) = will be denoted by Hq^S 1 ). The subspace 
of functions u € H S (S 1 ) such that J sl udx — will be denoted by H^S 1 ). Lastly, the shorthand 
{/ > 0} for the set {x £ S 1 : f(x) > 0} (and other analogous short forms) will be used throughout 
the text. 
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2 Explicit solution formulae 



In this section, we provide new solution formulae for the Huntcr-Saxton system (1.1 1 



Let k = — 1. The first component equation of can be rewritten in terms of the gradient u x (t, x) 
as 

u tx + uu xx + -u 2 x + -p 2 + 2c = 0, (2.1) 
where the nonlocal term c = \ J gl (u x (t, x) 2 — p(t, x) 2 ) dx is enforced by periodicity. It follows from 



( 1.1 ) that c is indepedent of t (see [40} |4T]). Three possibilities now arise: 
(i) c> 0; 
(ii) c = 0; 
(Hi) c < 0. 

Since the Hunter-Saxton system is invariant under the scalings 

u(t, x) <— > au(at, x), p(t,x) i— > ap(at,x), a € K, 

we may without loss of generality set c = 1 for case (i), and c = — 1 for case (Hi) 
Let us introduce the Lagrangian flow map tp solving 

ip t (t,x) — u(t,ip(t,x)), f(0,x) = x € S . 



(2.2) 



In terms of U(t, x) := u x (t, tp(t, x)) and g(£, x) := p(t, ip(t, x)), we can rephrase ( 1.1 ) as 

2c = 0, 



1^2 



\e 2 



£7(0, x) = uoa;(a;), g(0, x) = p (x). 



(2.3) 



The sum p := U + g and the difference q := U — g both satisfy the following Riccati-type differential 
equation with corresponding initial data: 



z t = -^z 2 -2c, z(0,x) = z o (x) 



\p(0,x) 
\q(0,x) 



Equation (2.4| is explicitly solvable: 

' 2z (x) - 4tani 
zo (x) tant + 2 
2z (x) 



z(t,x) = < 



2 + z (x) t 

„ z (x)-2 + e 2t (2 + z Q (x)) 



u 0x (x) + po(x); 
u 0x (x) - po(x). 



if c= 1; 
if c = 0; 
if c= -1. 



(2.4) 



(2.5) 



2 - z (x) + e 2t (2 + z a (x)) 
Decomposition yields for the first component 

' 4 cos(2£) Uox(x) + sin(2i) [u 0x (x) 2 - po(x) 2 - 4] 



U(t,x) 



[ttox(x) sini + 2 cost] — po(x) 2 sin 2 t 
4u 0x (x) + 2 [u 0x (x) 2 - po(x) 2 ] t 

[2 + u 0x (x) t} 2 -p (x) 2 t 2 
4 cosh(2i) u 0x (x) + sinh(2i) [u Qx (x) 2 - p (x) 2 + 4] 
[2 cosht + u Qx sinht] 2 — po(x) 2 sinh 2 t 



if c= 1; 
if c = 0; 
if c= -1; 
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and, for the second, 



g(t,x) 



[uq x (x) sini + 2 cost] — po(x) 2 sin 2 i 
4 p (x) 



[2 + u 0x (x) t]-p (x) 2 t 2 



4 p (x) 



,[2 coshi + uq x sinht] — po(x) 2 sinh 2 t 
These solutions do not exist beyond a critical time T* > given by 



if c = l; 
if c = 0; 
if c= -1. 



( 7T 



min < arctan 



mingi 



UQx - Po 



, arctan 



mmgi 



UQx + Po 



T* = < 



iin{inf { „ 0x<Po} {^^} M{u 0x+Po <o} {^d^}} 



min < arccoth 



inf 



{po-«Ox>2} 



«Ox+P0<0} 

Po - UO 



arccoth 



inf 



{«Oi+Po<-2} 



-Uox - PO 



if c = 1; 
if c = 0; 

if c= -1. 
(2.6) 



We have thus proven the following proposition. 

Proposition 2.1. Let s>2. Suppose (uq,pq) E H^S 1 ) x H s ^ 1 (S 1 ), and denote by 

(u,p) e C([0,T*) ;j ff o s (^) x i/ s - 1 (5 1 ))nC 1 ([0,T*); J ff o s - 1 (5 1 ) x H'-^S 1 )) 

the solution of with k = —1 with initial data (uo,po). This solution exists and is unique, see 

]40y '■ Furthermore, let ip(t,x) with ip(t,0) = 0, t G [0,T*) ; solve the Lagrangian flow map equation 
EL2l. Then 



dy, 



tp{t,x) = < 



/' [(cos t + sin tj - sin 2 t 

Io X [{ 1 + ^ t y - P -^ft 2 ] dy, 
J x [(coshi+ sinht)' - sinh 2 t 



c=l, 
c= 0, 
dy, c = -l. 



(2.7) 



TTie /irsi time w/ien (^(t, .) ceases to be injective is given in (2.6 1. In the case of c = —1, the solution 
exists indefinitely if and only if 



\Po(x)\ < Uq x (x) + 2 for all x G 5 , 
lii/ii/e a// solutions when c = 1 and c = inevitably develop singularities in finite time. 



(2.8) 



Remark 2.1. In t/ie case of c = 1, the above solution formula was found in \2 C J$ using a different 
approach. 



Remark 2.2. If k = 1, then the solution to the Lagrangian flow map equation (2.2 1 takes the form 
(cf. 



'J 



tp(t,x) 



cost 



uox(y) . 



smt + 



Po{y? 



sin t > dy, 



where we have assumed the normalization c = | J sl {u^ x + rep 2 ,) dx = 1. 
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(a) uq x = cos(27t:e), po = 3cos(27rx) (b) uo x = cos(27ra), po = (e) itOx = cos(27ra;), po = cos(27rx) + 2 

Figure 1: PLOTS OF U x {t, ip(t, x)) CORRESPONDING TO THREE DIFFERENT SETS OF INITIAL DATA 



with c = — 1. Note that the initial data in (a) and (b) violate the inequality (2.8 1, so that the 
emanating solutions break down in finite time, while the initial data set of (c) fulfills this condition 
and thus gives rise to global solutions. 

3 The geometry of the Hunter- Saxton system 



Equation ( fTTTj ) with k = 1 describes the geodesic flow on a sphere [23] • Here, we will show that (1.1 



1.1 



with k = — 1 describes the geodesic flow on a pseudosphere. More precisely, we will show that 
with k = — 1 is the Euler equation for the geodesic flow on a pseudo-Riemannian manifold G s and 
that G s is isomorphic to a subset of the unit pseudosphere in L 2 (5 1 ;K 2 ). 

3.1 Preliminaries 

Suppose s > 5/2. Let Diff s (S' 1 ) denote the Banach manifold of orientation-preserving diffeomorphisms 
of S 1 of Sobolev class H s . Let Diffg (S 1 ) denote the subgroup of Diff s (S 1 ) consisting of diffeomorphisms 
<p such that (p(0) = 0. Let G s denote the semidirect product DiffQ(S 1 )(S)H s ~ 1 (S 1 ) with multiplication 
given by 

(ip, a)(ip, 0) = ((poij},P + aoip). 
The nondegenerate metric (•, •) on G s is defined at the identity by 

((ui,u 2 ), (vi,v 2 ))a d ) = 7 / (u lx v lx + Ku 2 v 2 )dx, (3.1) 

4 Js 1 

and extended to all of G s by right invariance, i.e. 

(U, V) [v>a) = (([/! o p~\U 2 o p- 1 ), (Vx o p-\v 2 o ^ 1 )) (id0) (3.2) 
1 f [U lx V lx 



+ nU 2 V 2 ip x dx, 
4 J S i \ <Px J 

where U = {U U U 2 ) and V = (Vi,V 2 ) are elements of T (ip , a )G s ~ H^S 1 ) x H^^S* 1 ). 
Let A — —d x . Then ^4 is an isomorphism H^S 1 ) —> H^T 2 (S 1 ) with inverse given by 

(A-\f)(x) = - P f f(z)dzdy + x f f V f(z)dzdy (3.3) 



o Jo Js 1 Jo 



whenever J gl fdx = 0. The following proposition expresses the fact that equation ( 1.1 ) is the geodesic 
equation on G s in the sense that a curve (ip(t),a(t)) in G s is a geodesic if and only if (u(i),p(t)) € 
T(id,o)G s defined by 

(u,p) = (<p t o p' 1 lC t t o tp- 1 ) (3.4) 



satisfies (1.1) 
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Proposition 3.1. Let s > 5/2. Let ((p,cx) : J — > G s be a C 2 -curve where J C K is an open interval 
and define (u, p) by (3.4-). Then 

(u,p) e C(J; J ff s (5 1 ) x ^^(S'jjflC 1 (J^H^iS 1 ) x iP" 2 ^ 1 )) (3.5) 

and [ip, a) is a geodesic on J if and only if (u, p) satisfies the following weak form of for t G J: 



u t + uu x 
Pt + up x 



-lA^d^ul + np 2 ) 
-pu x 



(3.6) 



Proof. The case of k = 1 was treated in Proposition 4.1 of [26 ; the proof when k — —1 is similar. □ 



3.2 A pseudosphere 

Let S denote the unit pseudosphere in L2(S 1 ;M 2 ) defined by 



S=\(f 1 J 2 )€L 2 (S 1 ;R 2 ) 



(f!(x)-f 2 (x))dx = l 

s 1 

Let 5 s denote the elements in S that are of Sobolev class H s . Then 5 s is a Banach submanifold of 
H'iS 1 ^ 2 ) (cf. [25] p. 29). The indefinite scalar product on L 2 (S 1 ;R 2 ) defined for X = (X 1 ,X 2 ) 
and Y = (Yi,Y 2 ) in L 2 (S 1 ;M 2 ) by 



((X,Y)) = [ (X 1 Y 1 - X 2 Y 2 )da 
Js 1 



induces a weak pscudo-Ricmannian metric ((•, •)) on S s . 

Remark 3.1. Recall that the n- dimensional pseudosphere S™(r) of index v and radius r > is defined 
as the submanifold 

{v n+l n 

( Xl ,...,x n+1 )e« n+1 -]>>?+ Yl x i= r2 \> ( 3 - 7 ) 
i—l i=v+l ' 

equipped with the pseudo-Riemannian metric induced by the indefinite bilinear form 

v n+l 



ds 2 = - Y dx i + ^ dx 



i.i ' 



If v = 1, pseudospheres are the Minkowskian analogs of spheres in Euclidean space. The curvature of 
S"(r) is constant and equal to 1/r 2 . We refer to 13~4~\ \S9^ for more background on (finite- dimensional) 
pseudospheres. 

We let U s C L 2 (S' 1 ;IR 2 ) denote the following open subset of 5 s : 

U s = {(/i, h) G S s | h{x) > and f 2 (x) - f 2 (x) > for all x e S 1 } , (3.8) 
and equip 14 s with the manifold structure and metric inherited from 5 s . 

Theorem 3.1. The space (G s , (•, •)) is isometric to a subset of the unit pseudosphere in L 2 (S' 1 ;IR 2 ). 
More precisely, for any s > 5/2, the map $ : G s — > W^ 1 C <S S_1 defined by 

$(<p,a) = v /^(cosh(a/2),sinh(a/2)) 

is a diffeomorphism and an isometry. 
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Proof. If / = (A,/ 2 ) G W- 1 , then the function <p(x) = ^Ul(v) - fiivNv satisfies <p(0) = 0, 

h(x) 

AW 



(/?(!) = 1, = — /| € i/ s 1 (S' 1 ), and ^ > 0, while the function = 2arctanh^M belongs 



to H s (S ). Thus, using the identities 

1 x 
coshfarctanha;) = : . sinh(arctanh x) = -., — 1 < x < 1, 

we find that the inverse of $ is given explicitly by 

*~\f) = (^(/ 1 2 (y)-/|(y))rfy ! 2axctanh|||) ) /eW" 1 . (3.9) 

This shows that $ is bijective. Since both $ and $ _1 are smooth, $ is a diffeomorphism. 
Using that 

1 / OL OL OL Ol\ 

7 1 ( ip ,Q)$(C/i, U 2 ) = (^t/iz cosh - + 9J X Z7 2 sinh -, U lx sinh - + ip x U 2 cosh -J , 

we find that 

((T (Vta) (U u U2),T (Via) (Vi,Va))) 

= y i ^ j (^ls cosh - + tp x U 2 sinh - J ^F Xa: cosh - + <p x V 2 sinh - J 

/ a a\ ( a a\ 1 

- ^[/ la . sinh - + ip x U 2 cosh — j yV lx sinh - + tp x V 2 cosh - J >ete 

= J \ ^lu lx v lx -<plu 2 v 2 yx = {(u 1 ,u 2 ),(v 1 ,v 2 )) iVta) , 

whenever (U±, U 2 ) and (Vi, V 2 ) belong to T^ v a )G s . This shows that $ is an isometry. □ 
Corollary 3.1. The sectional curvature of (G s , (•,-)) is constant and equal to 1. 



Proof. In view of Theorem |3.1[ it is enough to prove that the unit pseudosphere S s has constant 
sectional curvature equal to 1. As in the finite-dimensional case, this can be proved using the Gauss 
equation^ Indeed, let n denote the outward normal to S s C H S (S 1 ; M 2 ). Since the outward normal 
to S s at / is / itself, n is the identity map. Moreover, the tangent space at a point / = (/i, f 2 ) € S s 
is given by 

T f S s = I.X = (Xj,X 2 ) G H'iS 1 ;®. 2 ) J {fiXi - f 2 X 2 )dx = o| , 

and the metric connection on S is given by (see [34] p. 99) 

(V x Y)(f) = (DY ■ X) T (3.10) 

where Z T denotes the orthogonal projection of a vector Z £ TfH s (S 1 ;R 2 ) onto TfS s with respect to 
((■, ■)). Thus, if X is a vector field on S s , 

V x n = (Dn-X) T = X. 

It follows that the second fundamental form II is given by 

U(X,Y) = -{{V x n,Y))n = -((X,Y))n, 



lr The Gauss equation holds also for pseudo-Riemannian Banach manifolds, cf. 34 p. 100 and |25| p. 390. 
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/ 

b 



space-like 
geodesic 




Figure 2: A pseudosphere with three different kinds of geodesics. 



where X,Y are vector fields on S s . Consequently, if X and Y are orthonormal, the curvature tensor 
R on S s satisfies 

((R(X,Y)Y,X)) = ((Il(X,X),U(Y,Y))) - ((U(X,Y),U(Y,X))) 
= ((X,X))((YY)) - ((X,Y))((Y,X)) = 1. 

a 



Remark 3.2. In Appendix^^ we give an alternative direct proof of Corollary \3.1\ which does not rely 
on the isometry of Theorem \3.1\ 

3.3 Geodesics 

Just like in the finite-dimensional case, we can write down explicit formulas for the geodesics on the 
pseudosphere S s . In this way, we recover the explicit solution formulas of Section [2] for the Hunter- 
Saxton system. Moreover, these geodesics are naturally divided into three types — spacelike, lightlikc, 
and timelike — and these types correspond to the three cases distinguished in Section [2j 

Theorem 3.2. Let s > 5/2 and let (u ,p ) E H^S 1 ) x H^^S 1 ). Let f(t) = (fi(t), f 2 (t)) denote 
the unique geodesic in S s such that 

/(0) = (1,0), /t(0) = ~0wo)- (3.11) 

Define c 68 by 

c=((ft(P),M0))) = l I {ul x -pl)dx. 



Si 



Then 



(cos(^fct) + ^ sin( v /ci), ^ S m(^/ct)j , c> (spacelike), 

f(t)= )(^t + l,ft), c = (lightlike), (3.12) 



cosh( ^f\c\t) + smh(v|c|t), ^7= sinh( ^\c\t) ) , c < (timelike). 



Proof. A straightforward computation shows that f(t) satisfies the initial conditions (3.111 for any 
c E R. We can also check that 

' (AW 2 ~ h{tf)dx = 1 



<s 



for all t, showing that f(t) is a curve in S s 1 . Moreover, for any c6l, / satisfies the equation 

ftt + cf = 0. 

Since the tangential and normal parts of Z = Z T + Z N E TfH s {S 1 ] M 2 ) are given by 

7, 



7 T_ 7 ({ZJl f 7 N_((ZJ}} 



«/,/» 



the expression (3.101 for the covariant derivative yields 

V/Jt = (fuf = -cf = 0. 



This proves that f(t) indeed is the correct geodesic. 



□ 



Remark 3.3. 1. The three cases c > 0, c = 0, c < correspond to spacelike, lightlike, and timelike 
geodesies respectively, see Figure [2j 



2. Theorems 3.1 and \ 3.2\ imply that the geodesic (cp(t),a(t)) in G s starting at (id, 0) and with 



initial velocity (y> t (0), ctt(0)) = (u 0l p ) E Tt^ <0 \G s is given by 



where f(t) is given by {3.12). Since $ is given by (3.9), this immediately yields the explicit formulas 



in (2.1) 



3. It follows from Theorem \3.2\ that all solutions of the Hunter -Saxton system - except those 



whose initial data satisfy the condition (2.8) - break down in finite time. The maximal existence 
time T* is the first time for which f(t) hits the boundary ofU s ~ l , i.e., T* is the first time for which 
fl(t,x) — f$(t,x) = for some x E S 1 . 



3.4 A symplectic manifold 



The mean value J s± pdx of the second component p of a solution (u, p) of (1.1 1 is a conserved quantity 



Thus, if p has zero mean initially, it will have zero mean at all later times. This suggests that we 



consider the following variation of (1.1) 



m t + um x + 2u x m + mr(p)p x = 0, 
7r(p)t + (n(p)u) x = 0, 



t > 0, xE S\ 



(3.13) 



where ir(p) = p — J" gl pdx denotes the orthogonal projection onto the subspace of functions in L,2(S 1 ) 



of zero mean. For solutions such that J sl pdx = 0, (3.13) coincides with (1.1 1. The system (3.131 with 
K = 1 was analyzed in |26| ; here we will consider the case of k = — 1. We will see that the system 
(3.131 possesses some interesting geometric properties not shared by ( |1.1| . 

Let H S (S 1 )/M. denote the space H S (S 1 ) with two functions being identified iff they differ by a 
constant; the equivalence class of a E H S (S 1 ) will be denoted by [a] E H s (S 1 )/^. We define K s as 
the semidirect product Diff^S 1 )©(#*" ^S^/R) with multiplication given by 



(ip o t/>, [P + a o ij}]). 



We equip K s with the right-invariant metric given at the identity by 



1 



((u, [p]),{v, [r]))( id ,[o]) = | J {u x v x - ir(p)ir(T))dx. 



(3.14) 
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Extending the projection it to any tangent space by right invariance so that 

7r([/ 2 ) = U 2 U 2 <p x dx 
Js 1 

whenever (U u [U 2 ]) £ T {v , a) K s ~ H^S 1 ) x {H s ~ l {S x ) /R) , we find 

((C/i, P 2 ]), (V u [V 2 })) ((pt[a]) =\f t 17 ^ - n(U 2 MV 2 )<p x ) dx. (3.15) 
We define a connection V on K 8 by 

VxK = uy.x-r (V)W) (y,A'), 

where the Christoffel map T is defined for u — (ui, [u 2 ]), v — (v±, [1)2]) in T^ id ^K s by 

1 ( A' 1 d x {u lx v lx - 7r(M2)7r(w2)) N 



2 \ [ui x n(v 2 ) +Vi x it{u 2 )\ 
and extended to the tangent space at (ip, [a]) G K s by right invariance: 

r (v,M) (u <P, v ° <p) = r (idi[0 ]) (u, v) o (p. 
We also define a (l,l)-tensor J and a two- form w on K s by 



J( v ,l a ])(Ui,[U 2 }) = J n(U 2 )<p x dy, 



fx 



(3.16) 



and 



^,H)((f/i, ^2]), {V u [V 2 ])) = \\ (U 2x V 1 - VMdx (3.17) 



whenever {U\, [U2]), (Vi, [V2]) € T( v , i [ a ])i ; C s . We note that w and J are right-invariant. 

The analogs when k = 1 of the following two results were proved in |26| : the proofs when k = — 1 
proceed along the same lines. The first result establishes several properties of the geometric structure 



of K s ; the second shows that (3.13) is the geodesic equation on (K s ,g). 



Theorem 3.3. Let g denote the pseudo-Riemannian metric (•, •) on K s . Then the following hold: 

(a) g is a smooth pseudo-Riemannian metric on K s and V is a smooth connection compatible with 
9- 

(b) lu is a symplectic form on K s compatible with V, i.e. lu is a smooth nondegenerate closed 
two-form on K s such that Vw = 0. 

(c) J is a smooth (1, \)-tensor on K s such that J 2 = I and VJ = 0. 

(d) The symplectic form CO, the metric g, and the tensor J are compatible in the sense that 

u{U,V) = g(JU,V). 

(e) The metric g satisfies 

g(U,V) = -g(JU,JV). 

(f) The Nijenhuis-like tensor N J defined for vector fields X,Y by 

N J (X, Y) = [X, Y] - J[JX, Y] - J[X, JY] - [JX, JY] 

vanishes identically. 
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Proposition 3.2. Let s > 5/2. Let (ip, [a]) : J — > K s be a C -curve where J CK is an open interval 
and define (u, p) by (3.4-). Then 

(u, [p]) G C ([0, T); H^S 1 ) x (H*' 1 (S 1 ) /R)) (3.18) 
nC 1 ([O.TjjflJ- 1 ^ 1 ) x (H^iS^/R)) 

and (tp, [a]) is a geodesic if and only if (u, [p]) satisfies the following weak form of \3.13 ): 

u t +uu x \ = f-\A- 1 d x {u 2 x -T:{p)' 2 ) 



Remark 3.4. It is clear from Theorem \3.3\ that the geometric structure of K s bears many similarities 
with a Kahler manifold (however, the metric g is not positive definite and J is not a complex structure 
because J 2 = I ^ —I)- 

We next compute the curvature of K s . 

Theorem 3.4. The curvature tensor R on K s satisfies 

(R(u, v)v, u) — (u, u) (v, v) — (u, v) 2 — 3w(u, v) 2 , (3.19) 

where u = (ui, [112}) andv = (v%, [V2]) are elements in T^ mnK s . In particular, the sectional curvature 

i x (R(u,v)v,u) 

SeC{U,v) = r 

{u, u) [v, v) — [u, t>) 

takes on arbitrarily large positive as well as arbitrarily large negative values. 

Proof. We claim that the natural projection p : G s —> K s defined by 

p(<p,a) = (ip,[a\) (3.20) 

is a semi-Riemannian submersion J^] Indeed, smoothness of p is immediate, and for each ((p,cx) G G s , 
p determines the splitting 

G = (T( v ,a)G) V © (T^, a )G) , 

where the vertical and horizontal subspaces are defined by 

{T( v , a )G) v := kerT( yjC( )p = {(0, U2) \ U2 is a constant function}, 

and 

{T( v , a )G) h := (kerT (v , a) p) x = {(U U U 2 ) \ tt(U 2 ) = U 2 }, 
respectively. The orthogonal projections onto the vertical and horizontal subspaces are given by 



(Ui, U 2 ) ^ (C7i, U 2 ) v = I 0, J U 2( p x dx 
and 

(E/i.I/a) M- (U x ,U 2 ) h = (C/i,7r((7 2 )), (3.21) 

respectively. Let U h = (t/i , ZT^) and V h — (Vi,V2) be horizontal vectors in T( va )G a . Then, since 
Tp{U 1 ,U 2 ) = (Ux,[U 2 ]), we have 

(U h ,V h ) {ip , a) = \ I f C/l ^-7r([7 2 )7r(y 2 )^ dx 

4 JS 1 \ J 



2 Recall that a smooth submersion F from M to N, where M and N are (possibly weak) pseudo-Riemannian man- 
ifolds, is a semi-Riemannian (or pseudo-Riemannian) submersion if the restriction of T q F to the horizontal subspace 
(kerTgF)^ C T q M is an isometry onto T q N for each q 6 M. 
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= {(U 1 ,[U 2 ]),(V 1 ,[V 2 ])) (M 
= {Tp(U h ),Tp(V h )) (vAa]) , 

showing that p is a semi-Ricmannian submersion. 

O'Neill's formula for semi-Riemannian submersions (see [33] p. 213; the formula generalizes to 
Banach manifolds cf. [25] p. 394) implies that 

(R(X,Y)Y,X) KS = (R G s(X,Y)Y,X) G s + ^([X,Y] V , [X,Y] v ) g „ 

where X, Y denote the horizontal lifts of two vector fields X, Y on K s and Rqs denotes the curvature 
tensor on G s . In view of Corollary 3.1 and equation (3.21) this yields 

3 

(R(u,v)v,u) K s = (u,u) G °{v,v) G s - {u,v) G s + -([u,v)] v , [u,v)] v ) G , 

3 

= (u,u) K a(v,v) K » - (u,v) 2 K3 + -([(mi,7t(u 2 )), (v t , 7r(v 2 ))] v , [(ui,7t(u 2 )), (vi,ir(v 2 ))] v ) c 
whenever u — (y>i, [u 2 ]) and v = (i>i, [^2]) are elements of T(idro])^ s - Since 



[(ui,n(u 2 )), (vi,Tr(v 2 ))] v = 



v lx Ui - ui x v 1 
v 2x ui - U 2x Vi 



f s i(v 2x ux - u 2x vi)dx 



we find ( |3.19[ ). 
Let 



cos(67rx) 
677 



sin(27ra;) 



(id,[0]) 



K" 



and define for every \a\ < 1 the vector u a G Tn&m\K s by 



cos(27ra;) 

A computation shows that 

(u a ,u a )(v,v) - (u a ,v) 2 

and so 

L0{u a ,v) 2 



[Vl + a sin(47rx)] 



3a 
256' 



sec(u a ,v) = 1 - 3- ~ y ^ = 1 

(u a ,u a )(v,v) - {u a ,vy 



u}(u a ,v) = —, 
16 



— > ±00 as a — > 



This shows that the sectional curvature is unbounded both above and below. 



□ 



3.5 The quotient space V s 

In the remainder of this section, we will explore how the geometry of K s can be understood in terms 
of the isometry $ of Theorem |3.1| We will first show that the pseudosphere S s admits a large group 
of isometries parametrized by j3 £ ff s (S' 1 ). Each isometry in this group is an infinite-dimensional 
generalization of a Lorentz transformation (or of a hyperbolic rotation) with rapidity for each x G S 1 
specified by /3(x). 

Proposition 3.3. For any function j3 £ H S (S 1 ), the infinite- dimensional Lorentz transformation 
Ap : S s — > S s defined by 



is a diffeomorphism and an isometry ofS s which leaves the subset II s C S s defined in (3.8) invariant. 
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Proof. The invariance of IA S follows by a straightforward computation, so it is enough to show that 
viewed as a linear operator on 7J s (S ll ;K 2 ), preserves the metric ((•, •)). This is easily verified: 



{{^0{hJi),^p{gi,gi))) = J \ (/i cosh /3-/ 2 sinh/3)( 5l cosh /3-.g 2 sinh/3) 



— (— /i sinh/3 + f 2 cosh/3)(— gi sinh/3 + g 2 cosh/3) fdx 
(/i5i ~ h92)dx = (((/i, / 2 ), (51,52)))- 



□ 



Assuming that (3(x) — f3 G R is a constant function. Proposition 3.3 implies that there is a natural 
action of K on S s given by 

(0J)^A fj f, (3eR, feS s . (3.23) 
Under the isometry 4> of Theorem |3.1| this action corresponds to the following action of 1 on G s : 

G8,foa))->fo«-2/?), ^R, (^,a)eG s . (3.24) 



Indeed, 



cosh j3 — sinh /3 
— sinh f3 cosh /3 



"Ac 



cosh(a/2) 
sinh(a/2) 



, /cosh(f-fl)\ 



The quotient space of G s under the action (3.24) is exactly the symplectic manifold K s . Thus, under 



the isomorphism $, K s corresponds to the quotient space V s defined by V s = U s /R, where two 
elements f,f£U s are identified iff there exists a f3 g R such that Apf — f. The metric ((■, ■)) on S s 
induces a metric on V s and we have the following result. 

Theorem 3.5. Define * : K s ->• V s " 1 by 

$(<p, [a])i-> [$ft>,a)], 

and let p : G s — > A' s and q : W s — > V s denote the natural quotient maps. Then we have the following 
commutative diagram: 



G 
v 

K s 



(3.25) 



V s 



where both $ and ^ are bijective isometries, and the actions ofM. on G s and U s given by (3.24-) 



and {3.23) are equivariant with respect to $. 



The space V s has an interesting geometric structure. In Appendix[5]we cast light on this structure 
by studying the finite-dimensional analog of V s . 
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4 Global weak solutions 

Before constructing weak solutions, we briefly outline a convenient setting for them. 
4.1 Preliminaries 



Let us define a bilinear operator on T( id \G s ~ H^S 1 ) x H s 1 (5 1 ) by 



where rP d (u,w) = — ~A d x (u x v x ) is the Christoffel operator associated with the Hunter-Saxton 
equation [57] and the inverse of A = —d x is given by (3.3 1. We extend the bilinear operator r( id ) by 
right invariance to any tangent space T< Vt0t \G s : 

r {lp>a) (u,v) = r {id ,o)(Uocp-\vocp- 1 )o< P , (^^eg 3 , u,v&T ( ^ a) G s . (4.2) 

The associated covariant derivative V is defined by 

(Vjr Y)(<p, a) = DY{<p, a) ■ X(<p, a) ~ T^ a) (Y(<p, a), X(<p, a)). 
Finally, by definition, a geodesic in G s with respect to V is a C 2 curve (<p(t), f(t)) € G s such that 

(ip tt ,a t t) = T( v>a )((<pt,at), ((fit, a t )). (4.3) 

4.2 Weak geodesic flow 

A weak formulation of the pseudo-Riemannian geodesic equation can be achieved in the framework 
of the space Mac '■— M AC ®L2(S 1 ) (see [13]), where M AC is the set of nondecreasing absolutely 
continuous functions <p : [0, 1] — > [0, 1] with <p(0) = and ip(l) = 1 [25]. The tangent space at the 
identity can be naturally defined (cf. page 8) as 

T^Mac ■= H^S 1 ) x L 2 (S 1 ); 

this definition extends by right invariance to the tangent space at any (ip,a): 

Tfaa) Mac ■= {(u o cp, p o <p) : (u,p) e T (idi0 ) Mac}- (4.4) 

These tangent spaces can be characterized as follows. 

Lemma 4.1. Let AC(S 1 ) denote the set of absolutely continuous functions § — > R. Let tp G AC(S) 
and write 

N := {x G S 1 : ip x (x) exists and equals 0}. (4-5) 
Then we have the characterization 

%,o) A^ac = e ACiS 1 ) x L 2 (S 1 ) : Z7(0) = 0, U x = a.e. on A, 

t/ 2 /" 1 

—^dx < oo, and / i? </2 x cfa: < oo > . 

Furthermore, for any (U,R), (V,S) G T( v , Q )A^AC; 

((17,^,(^5)^) = ^ / (^-RSip^dx. (4.6) 



14 



Proof. The proof of this result follows with straightforward adaptations from 



□ 



We extend the definition of the Christoffel operator (4.1) to Mac by setting, for tp G M and 
(U,R), {V,S)eT {Vja) M A c, 



T ( a) ((U, R), {V, S)) = - ( 1° ( UxVx ~ ^ dx ~ ^ ^ ( UxVx ~ pa ^ dx 
V " a ' 2 I ~(u x a + v x p) o ip 



(4.7) 



where (u, p), (v, a) G Hq (S 1 ) x L 2 (S 1 ) are chosen such that (U, R) = (u, p) o tp, (V, S) — (v, a) o tp. 
The following statement asserts the global existence of a geodesic flow on Mac- 

Theorem 4.1. Let (u ,p ) € T^^Mac G H^S 1 ) x L 2 (S 1 ). Let c—\ f s i(u% x — po)dx and assume 
that 

(A) c = -l, 

(B) \p (x)\ < u Qx (x) + 2 for a.e. x G S 1 . 
Define tp(t,x) and a(t,x) by 

tp(t,x):= [ (/?(*, J/) — fi{t,y)) dy, ait, x) := 2 arctanh 



/2(*,a;) 
fi(t,x) 



Po{x) 



ds 



o Vx(s,a;) 



(4.8a) 



whe 



flit, x) := cosht + 



u Qx (x) . 



sinhi, f2(t,%) 



2 ' " x ' y 2 

TTien i/ie following statements are true. 

(i) For each time t > 0, (y(i, .), a(i, .)) G VW^c. 
(m) For eac/i iime i > 0, (y>t(t, -),a t (t, .)) G T^^) TWac- 
(Hi) The geodesic has constant energy for all t G [0, oo). More precisely, 

((tp t ,a t ),(tpt,a t )) (tpta) =-4:, t>0. 

(iv) The geodesic equation holds for all t G [0, oo): 



sinht, (t,x) G [0,oo) x 5 1 . (4.8b) 



(4.9) 



(4.10) 



Proof. Assumption (B) implies that the set N defined in (4.5 1 has measure zero for each t > 0. In 
fact, (B) implies that 



fx = fx — fi = cosh 2 t + uq x cosh t sinh t 



2 2 
u 0x — Po 



sinh 2 t 



> cosh 2 t — sinh 2 < + ito^ sinht(coshi — sinhi) a.e. on S 1 , 

and since > —2 a.e. on S" 1 , this yields 

fx > (cosht — sinhi) 2 a.e. on S 1 , t > 0. 

We can now prove the four statements (i)-(iw) in turn. 
Proof of (i). This is a result of the definition of f, the assumption c = — 1, and the inequality (4.11 ) 



(4.11) 



Proof of (ii). In view of Lemma 4.1 and (4.11 1, it is enough to verify the following conditions: 
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(1) ipt G AC{S l ), at G L 2 (^); 

(2) ^(t,0)=0; 

(3) J sl aq<p x dx < oo. 



(4) / ^rfx < oo; 



Clearly, the map x <— > ipt(t,x) is absolutely continuous and ipt(t, 0) = 0. Moreover, a t = po/(p x € 
L^S 1 ) by ( |4.8a| and ( |4.1l| . This proves (1) and (2). The equations ( |4.8a[ ) and ( |4.1l[ ) also imply (3). 
Finally, (4) is a consequence of (3) and equation (4.121 below. 

Proof of (Hi). In view of (4.6 1, we find 



((tp t ,a t ),(ipt,ot t )} ( } = / { ^7rk X \ ~ a t <Px) dx = 4 / {fit- fit) dx 

Js 1 V <Px(t,x) J J S i 



= 4 sinh 2 t + cosh 2 t / (u 0x (x) 2 - Po{x) 2 ) dx = ^ -4. 
Js 1 

Proof of (iv). We have 

ipt(t, x) = 2 / (A/ lt - / 2 / 2t ) dy, ¥>„ = 2 / (/* - /| t + /!/!„ - hf 2tt ) dy. 
Jo Jo 

Since f ut = /i, / 2t4 = / 2 , and ^ = f\ - /f , we find 

M*. x) = 2 / (/£ - fl + f\ - fl) dy = 2 (fl - fl) dy + 2ip{x). 



From equations (4.8), we deduce that 



fit fit 



so that equation (4.13) yields 
1 f x 

<Ptt(t,x) = - / (p x [{u x o tp) 2 - (po <p) 2 ] dy + 2<p(x) 



(u 2 - p 2 ) dy + 2ip{x). 



Since J sl (u 2 — p 2 )dx = —4 by (4.9 1, we find 



(4.12) 



(4.13) 



Vtt = r (J, a ) ((<Pt, (ft, at)) , t G [0, oo), 

where T^ 1 ) and T^ 2 ) denote the two components of T. 

On the other hand, as a t — p ° (p, one immediately sees that a tt = —(u x p) o ip, and so 

(2) 

a tt = r ( v , Q) (m, a t ), ((fit, a t )) , t G [0, oo). 

This finishes the proof of Theorem |4.1| □ 

The geodesic formulation (4.10 1 allows us to study weak solutions of the Hunter-Saxton system ( 1.1 ). 

Definition 1. The pair (it, p) ■ [0, oo) x S 1 — > K 2 is a global weak solution of equation (1.1) with 
initial data (v,Q,po) G ff 1 (S' 1 ) x L 2 (5' 1 ) if 

(a) for each t G [0, oo), the map x i— > u(t,x) is in H 1 ^ 1 ); 

(b) u G C([0, oo) x S , K) and tt(0, .) = uq pointwise on S ; p(0, .) = po a.e. onS 1 ; 
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(c) the maps 1 1-> u x (t, .) andt^ p(t,.) belong to the space L°°([0, oo); L 2 (S 1 )); 

(d) the maps t > u(t, .) and t H ► p(t, .) are absolutely continuous from [0, oo) to L,2(S r ) and satisfy 

Ut + uu x = \\^J ( u l~- P 2 ) d V ~ x J si ( u l - P 1 ) . 
Pt + (up)x = 
in L,2(S 1 ) for a.e. t € [0, oo). 
With this definition, we can state the following theorem. 

Theorem 4.2. For any initial data (ug,po) € H^S 1 ) x L2(S l ) satisfying the hypotheses of Theorem 
\4-l\ the pair 

constitutes a global weak solution of the Hunter-Saxton system (1.1 1 with initial data (uo,pa). More- 
over, this solution is conservative: 



[ (ul - p 2 )dx = -4, te [0, 
Js 1 



Proof. The proof of this theorem follows, mutatis mutandis, the lines of the proof of Theorem 4.2 of 
1551; see also HE\. □ 



Remark 4.1. In contrast with the Riemannian-metric case (k — 1), the solutions in Theorem J±.2 are 
only periodic in space, and not in time as well (cf. Figure [T] and \4ty \2b^). 

Remark 4.2. Several problems remain unsolved: For example, the construction of global weak "space- 
like" and "lightlike" geodesies and the corresponding weak solutions of (1.1 1, i.e., solutions with initial 
data (uo,po) satisfying (i) c > (spacelike) or (ii) c = (lightlike), remains open. One obstruction 
here is that there do not seem to be any reasonable assumptions for the initial data ensuring that the 
geodesies avoid hitting the boundary. Obviously, the requirement u x (x) > \p{x)\ for all x in (ii) - as 
used in JJTjj t/iEl - cannot be carried over to the periodic case. Finally, it would be desirable to 



relax the condition (B) in Theorem 4-1 



A The curvature of G s 

In this appendix, we give a direct proof that the curvature of G s is constant and equal to 1. 
The Arnold formula for the curvature of a Lie group with a right-invariant metric is 

(R(u,v)v,u) = (6,6) + ([u,v],0) - !<[«,«], [u,v]) - (B(u,u),B(v,v)), (A.l) 

where 

6 := l - (B(u, v) + B(v, u)) , := - (B(u, v) - B(v, u)) , 
the bilinear map B is defined by 

(B(u,v),w) = (u, [v,w]), 
and u,v,w are tangent vectors at the identity. In the case of G s , we have 

I \ 1 f I \ j , r i / Vl x Ul - Ul x Vl 

(u,v) = - / (u lx v lx + KU 2 v 2 )dx and u, v = 

4 Js 1 \V2xUl - U 2x Vi 



17 



where u — (ux,u 2 ) and v — (vi,v 2 ) are elements of T^ d ^G s . Thus. 

'A~ l (u Xxx Vi x + (ui xx vi) x - nu 2 v 2x ) 



B(u,v) 



-(u2Vl) a 



which implies that 



S = 

P = 

Using the identity 



I (A l d x [u lxx vi + vi xx ui + vi x u lx - ku 2 v 2 }\ 



2 V -(u 2 vi + v 2 ui) x ) ' 

1 / A^ 1 [(u lxx vi) x + v lx ui xx - ku 2 v 2x - (vi xx ui) 

X ^l X ^lxx ~t" KV 2 U 2x 



(-U 2 Vl + V 2 Ui) x 

d x A~ l d x f = f- [ fdx, 
Js 1 



we can compute the four terms in (A.l). The first term is given by 



(8, 8) = - — I [ui xx vi + v lxx ux + v lx ui x - ku 2 v 2 ] 



16 J sl 



1 

16 j 8 i 
1 



x d x A 1 d x [ui xx vi + vi xx ui + v lx ui x - KU 2 v 2 ]dx + — / (« 2 «i + v 2 ui) 2 x dx 

lb J s i 

[ui xx Vi + v lxx u x + v lx u lx - ku 2 v 2 ] 2 dx 



, , [ui xx vi + vi xx ui + v lx ui x - ku 2 v 2 ] dx) + — / (u 2 vi + v 2 u{) x dx. 
The second term is given by 

([u,v),f3) = - I (v lx U! - Ulx^l)[(MlxxUl)a; + V lx U lxx - KU 2 V 2x - (v ixx Ul) x - U lx V lxx + KV 2 U 2x ]dx 
8 JS 1 

+ 7; (V2 X U1 - U 2x Vi){-U 2 Vx + V 2 U 1 ) x dx. 

8 Js 1 

The third term is given by 

3 3 f 3k f 

--([u,v], [U,v]) = -— / (v lx Ui - U\ x V\) % x dX - — \ (V2 X U! - u 2x vi) 2 dx. 

4 16 J s i 16 J S i 



The fourth term is given by 
-(B(u lU ),B(v,v)) = 1 



4 J S i 

K 

4 (X 



u lxx ux + ^u\ x - ^ul 



d x A~ x d x 



VX XX V\ + -v lx - -v 2 



dx 



(u 2 ui) x (v 2 vi) x dx 
u lxx Ui + ~u\ x - ~ul 
ui xx u x + ^u 2 lx - h -u\ 



vi xx v x + -v lx - -v 2 



dx 



dx 



vi xx vi + -v lx - -v 2 



dx 



H 



s 1 



(u 2 Ui) x (v 2 Vi) x dx. 



Summing up the above four contributions, we infer that the terms in (R(u, v)v, u) that do not contain 
u 2 or v 2 are given by 



1 

16./,, 



[«l.rrf| -1- fir, "i C , 1 1 Lx f dx " ^ j [•//,.,.., C| + " 1 + ''.I. •"!..] 
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+ o / {vixUi - u lx vi)[(u lxx v 1 ) x + v lx u lxx - {v lxx ux) 

x u lx v lxx\ dx 

° Js 1 

- T£ [ {vi x ui - u lxVl f x dx - - [ 
10 Js 1 4 Js 

4 (X 



+ 4 
1 

16 



s 1 



UlxxUl + -u la . 



Si 



2 1 

[uixxVi + v lxx U! + v lx u lx ] dx - — 



v lx u lx dx 



s 1 



+ \ I i v ixxUi-ui xx vi) 2 dx+\ { {v Xx ui - u\ x vi)[vi x ui xx - ui x v Xxx \dx 
° Js 1 8 Js 1 

~ T£ [ {VixUi - Ulx«l)x^ - T / 

Id Js 1 4 



wixxWi + 2 W ix 



16 



s 1 



s 1 



= ^ (Xi (X* " ^ (X* 

On the other hand, the terms in (R(u, v)v, u) that contain u 2 or v 2 are given by 
\- ( [-2k (u 1xx V! + v lxx u x + v lx u lx ) u 2 v 2 + (u 2 v 2 ) 2 ] dx 

ID J s i 

x ]dx^j ^ u 2 v 2 dx^j + ^ u 2 v 2 dx^j 



-2k 

16 I 



s 1 



[«lxx^l + WlxxUl + V lx Ui 



+ 77W {u 2 v l +v 2 u l ) 2 x dx+'^ I (v^^ - u lx v 1 )[-u 2 v 2x + v 2 u 2x \dx 
J-o Js 1 8 Js 1 

(«2xWl - u 2x v x ) 2 dx 



+ ^ / («2xWi - w 2x Ui)(-U2Vi + v 2 U!) x dx - ^ 

8 y S i 16 
1 



s 1 



Wlxx"! + 2 M ix 



s 1 



Wlxx^l + 2 V lx 



16 



u\v\dx 



8 (Xi 



"lxxUl + -tt lx 



L V2dx )--s{L uldx ) (1 



s 1 



+ 



16 



s 1 



u 2 dx 



v 2 dx ) — 



S 1 



s 1 



(u 2 Mi)x(w2Wi)xrfa; 



= Ve(l U2dx ) {L 4dx )-V Q (L u ^ dx , 



u lx v lx dx 



S 1 



s 1 



y i6 



u 2 v 2 dx ) + — { u \ x d% ) ( / ^clx ) + — 



S 1 



S 1 



16 



s 1 



u 2 dx 



S 1 



v\ x dx 



In summary, we arrive at 

v)v, u) 



1 

16 



/ u 2 lx dx + K[ u 2 2 dx)([ vl dx + K [ n 

Js 1 Js 1 j yjs 1 Js 1 



~,dx 



1 

16 



u\ x v\ x dx + k u 2 v 2 dx 
s 1 Js 1 



= (u,u)(v,v) — (u,v) 2 . 
This shows that G s has constant sectional curvature 1 when n = — 1. 
Remark A.l. The above proof is valid also when k = 1. 
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B The finite- dimensional analog of V s 

In the case of k = 1, the space V s introduced in Section [3] is an infinite-dimensional analog of complex 
projective space CP", see [25]. In the case of K = —1, the finite-dimensional analog of V s is an 
interesting pseudo-Riemannian manifold which will be explored in this appendix. 
Let n>\. Define the submanifold S of R 2 ^ 1 ) by 



S = { x = ( Xl " ' Xn+1 ) e i» 2 (" +1 ) 

,2/1 ■■■ Vn+l 



n+1 } 

E(^-^ 2 ) = i 

i=l J 



and equip S with the (indefinite) metric g induced by the bilinear form 



i=l 



Using the coordinates (yi, . . . , y n +\, X\, . . . x n +i) in the definition (3.7), we see that S is nothing but 
the pseudosphere £„™"i (r) with radius r = 1. The real numbers act by isometries on S by 

n k i a ( cosh/3 — sinh/3\ - m 

0.x = A fi x where A^^^ , fi e R. 

This action is smooth, free, and proper, so the orbit space S/M. admits a unique smooth manifold 
structure such that the quotient map q : S — > S/M. is a smooth submersion. We endow S/M with the 
induced metric so that q becomes a semi-Ricmannian submersion. 



Remark B.l. The finite- dimensional analog of the subset IA S defined in (3.8) is the subset IA C S 
given by 

U = {x e S\xi > and x\ - y\ > for 1 < i < n + 1} . 
The finite-dimensional analog of V s is the subset U /M. C S /R. 



The vertical distribution in TS is spanned by the timelike vector field V whose value at x is given by 

Apx — Jx, where J = 



-1 
-1 



Clearly, J 2 = I and 

g(V,V) = -g(x,x) = -l, X v = -g(X, V)V, X h = X + g(X, V)V, 
where X v and X h denote the vertical and horizontal components of the tangent vector 

Moreover, 

g(JX, JX') = -g(X, X'), g(JX, X) = 0, X, X' e T X S. 

The horizontal subspace at x G S is a 2n-dimensional subspace with n timelike and n spacelike 
dimensions given by 

(T x S) h = e m. 2(n+1 *> g(X,x) = and g(X,V) = o} . 

In particular, J leaves the horizontal distribution invariant. Since JAp = ApJ, J descends to S/M.. 
The two-form u) defined by 

u(X,X')=g(JX,X'), 
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also descends to 5/M. 

Let X,Y be the horizontal lifts of two vector fields X, Y on <S/R. Then, letting V denote the 
covariant derivative in the ambient space (K 2 ( n+1 ),ds 2 ), we find (cf. [37] p. 86) 



,Y],V)= g(y%Y, V) = g(V x Y, V) = -g(Y, V X V) = g(Y, JV X JV) = g(Y, JX). 
Thus, 

±[X,Yy = -g(Y,JX)V. 

Since the sectional curvature of S is constant and equal to 1, O'Neill's formula yields the following 
finite-dimensional analog of equation (3.191: 

g(R s/R (X, Y)Y, X) = g(R s (X, Y)Y, X) + ~g([X, Y] v , [X, Y] v ) 

= g(X, X)g(Y, Y) - g(X, Y) 2 - 3u(X, Y) 2 . (B.l) 

Any subspace of T(S/M.) spanned by two vectors of the form X, JX has sectional curvature 4. Indeed, 
equation ( |B.1[ ) implies 

sec s/R (X, JX) = 1 — 3- g{JX,JX) 2 = 

S/ y ' g{X,X)g{JX,JX)-g{X,JXf 

It follows that 6>/R has constant curvature equal to 4 when n = 1. However, for n > 2, it is easy to see 
that the curvature of S /M is not constant (consider for example the different subspaces spanned by 
pairs of basis elements of (T x S) h where x — . . . , yi, . . . , y n +i) = (1,0,..., 0)). Proposition 
28 on p. 229 of [34 then implies that the curvature when n > 2 takes on arbitrarily large positive as 
well as arbitrarily large negative values. 
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